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THEORY OF MAGNETIC FIELD EFFECTS AND BIAXIAL ORDER 
I N  CHOLESTERIC L I Q U I D  CRYSTALS 

MICHAEL A. LEE and P .  VLACHOPOULOS 
Kent S t a t e  Univers i ty  
Department of Physics  
Kent, Ohio 44242 

A molecular f i e l d  theory capable  of t r e a t i n g  choles- 
ter ics  wi th  s p a t i a l l y  vary ing  order  is developed. 
Resul t s  f o r  t he  b i a x i a l  o rde r  of a c h o l e s t e r i c  d i s -  
t o r t ed  by a magnetic f i e l d  a r e  presented .  

1. INTRODUCTION 

I t  has  been understood f o r  some t h a t  a c h o l e s t e r i c  

l i q u i d  c r y s t a l  should be b i a x i a l  because of t h e  symmetry 

of t he  phase. The presence of t he  p i t c h  a x i s  de f ines  a 

d i r e c t i o n  i n  space perpendicular  t o  the  l o c a l  d i r e c t o r  and 

breaks the  c y l i n d r i c a l  symmetry of t he  environment of a 

c h o l e s t e r i c  molecule. The a c t u a l  mechanism causing the  

b i a x i a l i t y  could r e s u l t  from t h e  f a c t  t h a t  t he  molecules 

themselves a r e  not  c y l i n d r i c a l l y  symmetric’ o r  could r e s u l t  

from an asymmet’ry of t he  o r i e n t a t i o n  d i s t r i b u t i o n  of the  

long molecular a x i s .  This  l a t t e r  b i a x i a l i t y  is a r e s u l t  

of t he  phase symmetry r a t h e r  than molecular shape and w e  

w i l l  refer t o  i t  a s  phase-induced b i a x i a l i t y .  Lin-Liu 

and Lee3 have r e c e n t l y  discussed the  r o l e  of phase-induced 

b i a x i a l i t y  i n  und i s to r t ed  c h o l e s t e r i c s .  The experiments 
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342 M. A. LEE AND P. VLACHOPOULOS 

of  Yaniv e t .  al? are i n  g e n e r a l  agreement  w i t h  t h e  t h e o r e t -  

i c a l  r e s u l t s  and s u p p o r t  t h e  c o n t e n t i o n  t h a t  phase- induced  

b i a x i a l  o r i e n t a t i o n a l  o r d e r  r a t h e r  t h a n  m o l e c u l a r  s h a p e  

p l a y s  t h e  dominant  r o l e .  

2. MOLECULAR FIELD THEORY 

I t  i s  c o n v e n i e n t  t o  d e v e l o p  t h e  mean f i e l d  t h e o r y  s t a r t i n g  

from a n  approx ima te  e x p r e s s i o n  f o r  t h e  Helmhotz f r e e  e n e r g y  

i n  t e r m s  o f  t h e  one  p a r t i c l e  d i s t r i b u t i o n  f u n c t i o n  f ( r , n ) .  
+ 

+ pkT 1 f ( r , f i )  I n  4~ f ( r , Q )  d; 

Here V(1 ,Z)  i s  t h e  p a i r  p o t e n t i a l  and any  e x t e r n a l  f i e l d .  

Minimiz ing  t h i s  f u n c t i o n a l  w i t h  r e s p e c t  t o  f ,  s u b j e c t  t o  

t h e  n o r m a l i z a t i o n  c o n d i t i o n ,  y i e l d s  t h e  s e l f - c o n s i s t e n t  

mean f i e l d  e q u a t i o n s .  

well-known Maier-Saupe equa t ion '  f o r  t h e  nemat i c  p h a s e  re- 

s u l t s .  We w i l l  c o n s i d e r  t h e  two p a r t i c l e  p o t e n t i a l  i n t r o -  

duced by Lin-Liu ,  S h i h ,  Woo and T a n Y 6  which  d e s c r i b e s  t h e  

i n t e r a c t i o n  of two c y l i n d r i c a l l y  symmetr ic  c h i r a l  mo lecu le s .  

A A  

I f  V(1 ,2 )  = -A P2(R1*R2) t h e n  t h e  

A A  

V ( 1 , 2 )  = Vo(r12) + VN(r12) P 2 ( Q i  n2> 

+ vx( r l2 )  Pl(Ql* n2) (rl2*Q1XQz) 
A A  + A A  ( 2 )  

The m o l e c u l a r  i n t e r a c t i o n  w i t h  a n  e x t e r n a l  f i e l d  i s  

i n c o r p o r a t e d  by a d d i n g  a p o t e n t i a l  
h A + Z  

Vex(Q) = - r ( G * H )  , (3) 

y b e i n g  a measu re  of  the  a n i s o t r o p y  of t h e  m o l e c u l a r  

p o l a r i z a b i l i t y .  
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MAGNETIC FIELD EFFECTS AND BIAXIAL ORDER 343 

3 .  ORDER PARAMETERS 

The d e g r e e  of o r i e n t a t i o n a l  o r d e r  a t  a p o s i t i o n  r i n  t h e  

c h o l e s t e r i c  phase may be  c h a r a c t e r i z e d  i n  terms of t h e  

u n i a x i a l  o r d e r  pa rame te r  S and t h e  b i a x i a l  o r d e r  pa rame te r  

A ,  a s  

-+ 

-?- 
S ( r )  = Szz(;) = 1 f(; , i)  P 2 ( c o s  0 )  dR 

-+ -+ ( 4 )  
n ( r )  = Sxx( r )  - s i n  28 cosZ$dn 

W e  w i l l  l a t e r  employ t h e  q u a n t i t y  q = A/S a s  a measure of 

b i a x i a l i t y  s i n c e  t h i s  i s  more e a s i l y  a c c e s s a b l e  e x p e r i -  

men tall^.^ 
pa rame te r s  f o r  a n  u n d i s t o r t e d  c h o l e s t e r i c  w i t h i n  t h e  con- 

t e x t  of mean f i e l d  theo ry  a r e  g i v e n  i n  r e f e r e n c e  3. 

The d e t a i l s  o f  t h e  d e t e r m i n a t i o n  o f  t h e s e  o r d e r  

4. ELASTIC THEORY 

The s t r u c t u r e  of a c h o l e s t e r i c  d i s t o r t e d  by a magnet ic  f i e l d  

has  been cons ide red  p r e v i o u s l y  by d e  Gennes7 and Meyer 

w i t h i n  t h e  framework of e l a s t i c  t h e o r y .  The e l a s t i c  f r e e  

energy pe r  u n i t  volume c o n t a i n s  o n l y  t h e  t w i s t  c o n t r i b u t i o n .  

8 

Here K i s  t h e  t w i s t  e l a s t i c  c o n s t a n t ,  x i s  t h e  a n i s o -  

t r o p i c  c o n t r i b u t i o n  t o  t h e  s u s c e p t a b i l i t y ,  qo i s  t h e  

e q u i l i b r i u m  p i t c h ,  and t h e  magnet ic  f i e l d  H i s  the 

Y - d i r e c t i o n .  T h i s  f r e e  energy e x p r e s s i o n  assumes t h a t  t h e  

d e g r e e  o f  l o c a l  o r i e n t a t i o n a l  o r d e r  i s  u n a f f e c t e d  by t h e  

l o c a l  t w i s t  q (x )  5 d$/dx and t h e  f i e l d  H .  These e f f e c t s  

w i l l  be  t aken  i n t o  account  by t h e  molecu la r  f i e l d  theo ry .  

22 a 

-?- 

The s o l u t i o n  f o r  $(x> i s  d e s c r i b e d  by d e  G e n n e ~ . ~  An 

e x t e n s i o n  i n c o r p o r a t i n g  b i a x i a l i t y  has  been d&scussed by 

Lin-Liu9 i n  t h e  c a s e  when t h e  o r d e r  pa rame te r s  can b e  
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344 M. A. LEE AND P. VLACHOPOULOS 

cons idered  t o  be independent  of p o s i t i o n .  

5. MEAN FIELD RESULTS 

We w i l l  proceed w i t h  t h e  minimiza t ion  of  t h e  f r e e  energy i n  

t h r e e  s t a g e s .  F i r s t ,  w e  w i l l  o b t a i n  t h e  o r d e r  parameters 

and p i t c h  i n  t h e  absence of t h e  f i e l d .  Secondly,  t h e  f r e e  

energy w i l l  be  minimized w i t h  r e s p e c t  t o  $(x) w h i l e  t h e  

o r d e r  parameters  A and S a r e  h e l d  c o n s t a n t .  The f i n a l  s t e p  

w i l l  be  t o  l e t  S and A r e l a x  due t o  t h e  l o c a l  p i t c h  d i s t o r -  

t i o n s .  This  procedure could b e  numer ica l ly  i t e r a t e d  t o  

convergence b u t  i t  should become e v i d e n t  t h a t  t h i s  approx- 

imate  minimiza t ion  m a n i f e s t s  t h e  impor tan t  behavior  of t h e  

system. 

I n  t h e  absence of  a magnetic f i e l d  t h e  f r e e  energy can 
3 b e  shown t o  reduce  t o  

n 

2 A L  2 A 2  A 2  _ -  - kT < l n 4 v f >  - A ( S  +? ) + B q  ( S + 7 )  - 2 q C ( S + 7 )  ( 6 )  N 

where we have d e f i n e d  

S i n c e  S and A a r e  p o s i t i o n  independent ,  w e  may minimize t h e  

p o t e n t i a l  energy w i t h  r e s p e c t  t o  q t o  o b t a i n  t h e  e q u i l i b -  

r ium p i t c h  qo = C/B. 

t h e  o r d e r  parameters  S 

t e r i c  y i e l d s  

Subsequent minimiza t ion  t o  o b t a i n  

and A. of t h e  u n d i s t o r t e d  choles -  
0 

g ( 0  , 0) I-r e f ( n )  = -- 
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MAGNETIC FIELD EFFECTS AND BIAXIAL ORDER 345 

where 

g ( e , $ )  = P ~ ( C O S  6) ( 2  s 0 + 2 c O  ( so+no /3 ) )  
( 7 )  3 2 2 

2 3 0  3 0  + - s i n  28 cos241 (- A + - E ( S o + A o / 3 ) )  

and 

2 
E = C / B A Y  T = BT/A. 

The s o l u t i o n s  f o r  S o  and A 
a t u r e  T and c h i r a l  s t r e n g t h  E a r e  g iven  i n  r e f e r e n c e  3 .  

0 

a s  a f u n c t i o n  of reduced temper- 
0 

0 

Keeping S and A f i x e d ,  t h e  f r e e  energy of t h e  d i s -  
0 0 

t o r t e d  c h o l e s t e r i c  becomes, 

2 
A 2 _ -  - kT < l n 4 n f >  - - ( S  + - ) 

N L o 3  

+ - ( S  L o  B + $))2 j [ $ ' ( x >  - 2qo ( x ) l  dx 

(So+ no 1 - - L 2  - (,) (So+F)l  s i n  $ (x )  dx+- 2 

( 8 )  
L 2  

0 

B 3 yH 2 a L 2  y2H2 

0 

Comparing t h i s  t o  t h e  e x p r e s s i o n  € o r  t h e  e l a s t i c  f r e e  ene r -  

gy, E q .  6 ,  w e  i d e n t i f y  

( 9 )  
a 

and xa = 3py(So+-j0 ) a 2  K2* = 2p B(So+ 7') 

The $(x) which minimizes F i s  t h e n  s imply the  d e  Gennes 

s o l u t i o n  w i t h  t h e  a p p r o p r i a t e  s u b s t i t u t i o n s  f o r  K and 

'a. 

2 2  

F i n a l l y ,  t h e  f u l l  f r e e  energy w i t h  s p a t i a l l y  v a r y i n g  

o r d e r  pa rame te r s  can  be  w r i t t e n  i n  t h e  form 

+ kT 1' f ( x , R )  l n 4 ~  f ( x , Q )  dx dR 
L 
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346 M. A.  LEE AND P. VLACHOPOULOS 

a1 i s  minimized t o  o b t a i n  t h e  d i s t r i b u t i o n  f u n c t i o n  f (x ,Q) .  

The r e s u l t  i s  

where g ( x , 8 , $ )  = 

Comparing t h e  mean f i e l d  r e p r e s e n t e d  by g ( x , 6 , $ )  t o  

t h e  unpe r tu rbed  mean f i e l d  of E q .  8 ,  one sees t h a t  t h e  

e f f e c t  of t h e  d i s t o r t i o n  lowers  t h e  l o c a l  c h i r a l  s t r e n g t h  

~ ( x )  and t h e  e f f e c t  of  t h e  f i e l d  i s  t o  make A(x) smal le r .  

T h i s  r e a s o n i n g  s u g g e s t s  a g l o b a l  d e c r e a s e  i n  t h e  b i a x i a l i t y  

due t o  b o t h  e f f e c t s .  T h i s  i s  i n  agreement  w i t h  t h e  g l o b a l  

p r e d i c t i o n  of Landau t h e o r y  by Lin-Liu. '  

s t r e n g t h  E i s  n o t  s m a l l ,  t h e  b i a x i a l  o r d e r  pa rame te r  A(x) 

can v a r y  s i g n i f i c a n t l y  w i t h  p o s i t i o n  and even be enhanced 

ove r  t h e  unpe r tu rbed  v a l u e .  F i g u r e  1 shows t h e  b e h a v i o r  

of t h e  b i a x i a l i t y  pa rame te r  ~ ( x )  = A(x)/S(x)  as  a f u n c t i o n  

of  p o s i t i o n  a l o n g  t h e  p i t c h  a x i s  i n  s e v e r a l  r e p r e s e n t a t i v e  

c a s e s .  The s p a t i a l  v a r i a t i o n  i s  c l e a r l y  s i g n i f i c a n t  i n  

some c i r c u m s t a n c e s .  

When t h e  c h i r a l  
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MAGNETIC FIELD EFFECTS AND BIAXIAL ORDER 347 

1 .o  

0.5 

0 

FIGURE 1. B i a x i a l i t y  as a f u n c t i o n  of p o s i t i o n  f o r  2 
E ~ =  0.5 and a )  ~ = . 4 5 ,  h =.26, $b)  ~ 0 . 5 ,  h2=.24,  
( c )  T= .45, h’=.49, (d )  ~ 0 . 5 ,  h =.46 . The r educed  
f i e l d  h2  and t e m p e r a t u r e  T a r e  d e f i n e d  i n  t h e  t e x t .  

6. CONCLUSION 

Q u a l i t a t i v e l y ,  t h e  e f f e c t  of  d i s t o r t i n g  t h e  p i t c h  c a u s e s  

t h e  l o c a l  b i a x i a l i t y  t o  b e  l a r g e r  when t h e  l o c a l  p i t c h  is  

s h o r t .  The e f f e c t  of t h e  magne t i c  f i e l d  i s  t o  d e c r e a s e  t h e  

a n i s o t r o p y  of t h e  o r i e n t a t i o n a l  d i s t r i b u t i o n  and i s  domi- 

n a n t  u n l e s s  t h e  l o c a l  p i t c h  i s  s i g n i f i c a n t l y  s h o r t e r  t h a n  

t h e  e q u i l i b r i u m  v a l u e .  
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